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1. INTRODUCTION 
In [ 11, it has been mentioned that the singular operators, 
1 
x*“fi 
I.4 
y real number, 
blow up as y + 0 and the operators 
Q(x) 
i 
fib) 
,*f lX,fl 
1x1 
- 1s the Calderbn-Zygmund kernel 
are bounded on Lp( R”), 1 <p < co; besides the bound of the operator does 
not depend on y if IyI d 1. R. Fefferman [S] started to consider a convolu- 
tion operator with a kernel, a Calderbn-Zygmund kernel on R” times an 
arbitrary bounded radial function. Unfortunately, the Calderbn-Zygmund 
rotation method cannot apply to that convolution operator since the 
one-dimensional case is not bounded on LP(R’) for all 16 p < co. In 
this paper, we are interested in finding a class of kernels M such that the 
maximal operator, 
u-(x) = sup P.0. j” K(Y) f(x - Y) 4 
KeM R” 
is bounded on LP(R”) for some p. 
If one fixes the Calderbn-Zygmund kernel, let the radial function h vary 
such that h satisfies 
i 
r Ih( :< 1 
0 
(i.e., K=h(lxl) z). 
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Then by applying Stein’s and Bourgain’s results (see [2, 61) on the 
maximal function on spherical means, one obtains that the operator Tf is 
bounded on LP(R”), n > 2, for n/(n - 1) <p < co. On the other hand, if one 
lets h E L”, Ilhl\, < 1, h vary, then the operator is unbounded on all Lp 
spaces, for 1 6 p < co. Therefore, the following question arises: what can be 
said about the boundedness of the operator TA if h satisfies 
In [3], some results have been obtained. The maximal singular operator Tf 
is bounded on LP(R”), n 2 2, for sn/(sn - 1) <p < co, 1 < s < 2, where the 
region of p is the best possible. For the one-dimensional case, it is obvious 
that the operator Tf is only bounded on L”( R ’ ) and when s = 1. 
Let {hi> be any countable subset of L’(S” -~ ‘), with jsnml h, da = 0 for all 
j, satisfying cj II/z, 11 z < co. Let A4 denote the class of all kernels of the form 
(for r>O, [ES”--‘) K(r5)=r-“Cjaj(r)h,(r), where 
Let us define 
T,f (x )=I= 1 K(rc) f (x - rc) I+ ’ do(5: 
0 .v-’ 
r I c 0 i la,(r)/’ :< 1. 
1 dr, n > 2. 
Here we should remark that the proof of the theorem follows the same 
ideas of J. Duoandikoetxea and R. L. Rubio de Francis (see [4]). 
We prove the following theorem. 
THEOREM. Let 2n/(2n - 1) < p < co, n >, 2. The operator supKt ,,,, ITKf) 
is bounded on LP(R”), that is, 
for all f in the Schwartz class. Moreover the range of p is the best possible. 
COROLLARY. Let n>2 and 52~C(s”-‘) with js~-,Q(5)da(~)=0, 
where da is the surface measure of S”- ’ and Q is homogeneous of degree 
zero. Let 
T(f)(x)=sup /M4) 
h 
$$f(x-y)d+ 
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where the supremum is over the set lJh\lL+R+,dr,r,< 1. Then 
lIT(f)ll,6~,Ilfll, 
for p > 2n/(2n - 1). 
2. RESULT AND PROOF 
Before we prove the theorem, we need the following lemma. 
LEMMA. Suppose h E L*(s” ~ ‘), n 2 2, and the mean of h on the sphere is 
zero. Let x E R”. Then 
where 0 < fi < 4 and da is the induced Euclidean measure on s” ~ ‘. 
Proof. Applying the cancellation of h (i.e., the mean of h on the sphere 
is 0), it is easy to see that the integral is bounded by Cllhll ~2~sti~lj 1x1*. On 
the other hand, it s&ices to show that the integral 
exp(irx.5) h(4) do(t) * dr 
S”-I 
is dominated by 1x1 P28, for any 0 C/~-C f. By the Fubini theorem, the 
above expression is equal to 
where E denotes the conjugate of h. The absolute value of the integral 
s 2 exp(irx . (5 - q)) dr I 
is bounded by 1 and Ix. (< - u])l -‘. Therefore, it is less than Ix. (5 - q)l -/r 
for any positive /3, 0 -K fi < 1. By the Schwartz inequality, (1) is bounded by 
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Proof of Theorem. Let us write TKf (x) as 
Applying the Schwartz inequality and the definition of the kernel K, the 
absolute value of the function TKf is dominated by 
h,(t)f(x-rt)do(t) ‘$ li2. 
I > 
One takes a smooth function p(r) supported on {r 11~ IrI < 2) and 
C, p(2’r) = 1. Let us define the partial sum operators 
$34 = P(2’1-4 1 f(x). 
Since f = xi (S,+,f) for any integer 1, applying Minkowski’s inequality, 
= c 1 Bif (x). 
First we compute the L2-norm of Bjf (x). Since 
llMl;=CC j2'+' jR" ( j,.-, 
j I 21 
hj(S)(S;+,f)(x-rt)do(O ‘dx:, 
applying Plancherel’s theorem, we have 
IlBif II: 
Applying the lemma to the last inequality, liBif 112 is bounded by 
Cc IlhjlIL2~sn-1, 
J 
u;- 
I 
,<,2,,,<2m,+, (min{(2’Ixl)2> (‘+I)~“}) lfl’dx. 
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From the hypotheses, xi ljhjII t2CSnmIj < co: We conclude that 
IIBifll*G Cmin{(2’)-‘, (2Y2) llfll2, o<p<;. 
Nowe we consider the LP-norm of Bif where p > 2. Since 
(2) 
(Bif(X)12GC~J2~'*/ I(si+,f)(x-~c)lido(:)~, 
I sn-I 
by duality, there exists a function g(x) E L(P’2)’ and II gl/ Cp,2r < 1 such that 
After changing variables, we have 
llBifll~G~Rn~ I(Si+,f)(X)12 j12 jsn-, Ig(x+2'r<)l d~(Cf):d~ 
/ 
< 
ix 
I(si+,f )(x)l’ Mg(x)dx 
R” / 
d 7 l(si+Lf)(x)12 
II 
ll~dx)ll (p/2)’ 
PI2 
6C llfll;. (3) 
Here, Mg denotes the classical Hardy-Littlewood maximal function. The 
last two inequalities are obtained by applying the Schartz inequality, the 
Littlewood-Paley theorem (see [7, p. 104]), and the fact the classical 
maximal function Mg is bounded on L’(F) for 1 < t < co. Interpolating 
between (2) and (3) and applying Minkowski’s inequality, we get 
IMP, ITKfl II GC,llf lip, 
where 2<p< co. 
Next let us compute the boundedness of the operator Bif if 
2n/( 2n - 1) < p < 2. Let 
&,f (x9 r) = js"-, h,(O(X 
Then 
Bif (x) = 11 j' 
j 1 ' 
l&f I2 ; 
> 
li2. 
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Therefore in order to show that Bif~LP(R”), it suffices to show 
Again by duality, there exists a function 
dx, j, 1, r) E Lp’ (12(12(L2( CL 21, :), I), j), dx) 
and 11 gll d 1 such that 
Repeatedly using Hiilder’s inequality, llBifllp is dominated by 
dr 2 112 
hj(5) g(x + 2’&j, 1, r) W5:) 7>I I P’ 
. T I(~i+,“m)l’ 
IK 
Again, from the Littlewood-Paley theorem, we have 
llBif II p d 
Since II(~gP211,~= llWlj!~2,~’ > 2, there exists a function C$ E LCp,,2j, (R”), 
where p’/2 > 1, such that 
h,(t) g(x + 2’rt,j, 1, r) MC I$ 
> 
2 4x1 dx 
‘lRnT[C,12({snm, l~~~~~lz~~(t,)‘-’ 
J 
1’2 2 
I dx + 2’d,j, 1, r)12 da(t) > : 1 4(x) dx. 
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As before, repeatedly using the Schwartz inequality, we get 
II WI p’/2 6 s,” 1 ccz is.-, / ; 1 Ig(x+2’rT,i,~,r):~~(T)~)(x)~x. 
Let Nfdenote the spherical maximal function, i.e., 
W(x) = sup J If@-&<)I MO. 
c>o SE.F 
Then, from the last inequality, 
<c 
lb j Iv?? : g’(x, j 4 r) g II r psi2 IIW(x)ll (/f/2)” 
It is well known that the spherical maximal function is bounded on L”(F) 
when s > n/(n - 1) (see [2,6]). The other term is bounded by definition of 
g(x,j, f, r). Combining all of these, we have 
II Bifll p G c, llfll p if 2n/(2n- l)<p<2. 
Again interpolating between (2) and the above inequality and using 
Minkowski’s inequality, we have 
II ;:p, I TKfl II p B cp llfll p 
if 2n/( 2n - 1) < p < 2. The proof is complete. 
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